On arc reversal in balanced digraphs  by Bogdanowicz, Zbigniew R.
Discrete Mathematics 311 (2011) 435–436
Contents lists available at ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
Note
On arc reversal in balanced digraphs
Zbigniew R. Bogdanowicz
Armament Research, Development and Engineering Center, Picatinny, NJ 07806, USA
a r t i c l e i n f o
Article history:
Received 19 July 2010
Received in revised form 6 December 2010
Accepted 8 December 2010
Available online 1 January 2011
Keywords:
Ádám’s conjecture
Arc reversal
Balanced digraph
Multidigraph
Closed walk
a b s t r a c t
In this notewe consider closedwalks, which are cycles that are not necessarily elementary.
We prove that any arc reversal in a balanced multidigraph without loops decreases the
number of closed walks. This also proves that arc reversal in a simple balanced digraph
decreases the number of closed walks.
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1. Introduction
The arc reversal problem indigraphs has been studied quite intensely in the literature sinceÁdám introduced a conjecture
on this subject in 1963 [1]. Ádám’s conjecture states that if G is a digraph with at least one cycle, then there exists an arc
whose reversal decreases the number of elementary cycles in G [1–3]. Jirásek proved the conjecture for a special case of
multidigraphs [6], but later Thomassen [10] and Grinberg [5] independently disproved the conjecture for multidigraphs.
However, for the simple digraphs Ádám’s conjecture remains open [7,8]. One result for the special case of simple digraphs
has been obtained by Reid [9], who proved the conjecture for 2-arc-connected tournaments, which are not 3-arc-connected.
Here we give another result that is related to Ádám’s conjecture in terms of arc reversal, but for closed walks.
In this note we consider closed walks, which are cycles that are not necessarily elementary. That is, a closed walk is
allowed to visit a vertex multiple times but an arc only once [4]. A closed walk in this work is defined by a sequence of arcs
and not by a subgraph of a graph. Two closed walks are the same only if they are expressed by the same sequence of arcs.
For example, for star with three edges expressed by opposite arcs (a, b), (c, d), and (e, f ) (with arcs a, c, e contributing to
indegree three of this star) there are three closed walks ab, cd, ef of length two, three closed walks adcb, afeb, cfed of length
four, and two closed walks adcfeb, afedcb of length six, which represent all distinct closed walks in such a graph.
A digraph G is balanced if d−G (v) = d+G (v) for every vertex v of G. We give an elementary proof that the reversal of any arc
in a balanced multidigraph without loops decreases the number of closed walks. Hence, this result also proves that any arc
reversal in a simple balanced digraph decreases the number of closed walks as a special case. On the one hand, our result is
proved to a restricted class of digraphs, namely the balanced ones, and is valid only for closed walks—not for cycles. On the
other hand, our result within this restricted class of digraphs is stronger than the statement of Ádám’s conjecture because
it applies to the reversal of every arc.
2. Main theorem
Our approach in proving next theorem is based on showing that for every distinct closed walk C of G that contains
reversed arc e there corresponds a distinct closed walk C of G that contains original arc e, which uniquely identifies closed
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walk C . For convenience and better clarity of the following proof, we allow representation of a closed walk and a path by
the mixed sequence of arcs and vertices.
Theorem 2.1. Let G be a balanced multidigraph without loops. Then the reversal of any arc in G decreases the number of closed
walks.
Proof. Let H be a digraph induced by reversal of an arbitrary arc e for arbitrary ordered pair of vertices (u, v) in G.
Clearly, the number of closed walks without e in G equals the number of closed walks without reversed e in H . So,
it suffices to show that the number of closed walks containing arc e in G is greater than the number of closed walks
with reversed e in H . Since G is balanced and its every connected component is an Eulerian digraph then every arc
in G belongs to at least one closed walk. If there is no closed walk in H that contains arc e corresponding to (v, u)
then we are done. So, assume that H contains a closed walk of form C(H) = P1(H)u = P1(H)e, where P1(H) =
u1u2 . . . uk+1 = e1e2 . . . ek, u1 = u, and uk+1 = v. Thus, e1e2 . . . ek represents a sequence of labeled arcs and u1u2 . . . uk+1
represents a corresponding sequence of vertices in G, where ea is distinguishable from eb for the same ordered pair of
vertices if a ≠ b. Consider a corresponding path in G such that P1(G) = P1(H). That is, P1(H) has vertices/arcs that
correspond to vertices/arcs in P1(G). Clearly, P1(G) does not contain arc e. Let d−P1(G)(v), d
+
P1(G)
(v) be the indegree and
outdegree of vertex v induced by path P1(G). We can construct from P1(G) a closed walk in G, C(G), as follows. Since
G is balanced and d−P1(G)(v) = d+P1(G)(v) + 1 then there exists P2(G) = P1(G)uk+2 if arc (uk+1, u) is not available, where
uk+2 ≠ u. So, d−P1(G)(uk+2) = d+P1(G)(uk+2) + 1 is satisfied in such case. Hence, if d−Pi(G)(uk+i) = d+Pi(G)(uk+i) + 1 and arc
(uk+i, u) is not available then we can construct Pi+1(G) = Pi(G)uk+i+1, where i ≥ 2 and d−Pi+1(G)(uk+i+1) = d+Pi+1(G)
(uk+i+1) + 1. So, by induction there must exist at least one path Pq(G) such that uk+q = u. We choose Pq(G) that
minimizes q. Because Pq(G) does not contain e then Pq+1(G) = Pq(G)v is feasible. So, Pq+1(G) is of form Pq+1(G) = u1u2
. . . ukvuk+2 . . . uk+q−1uv = u1u2 . . . ukvuk+2 . . . uk+q−1e, where uk+q+1 = v and d−Pq+1(G)(v) = d+Pq+1(G)(v)+ 1. Thus, at least
one closed walk Cr(G) of the form Cr(G) = uu2 . . . ukvuk+2 . . . uk+q−1uvuk+q+2 . . . uk+r−1umust exist in G. We choose Cr(G)
that for fixed qminimizes r . So, Cr(G) = P1(G)uk+2 . . . uk+q−1uvuk+q+2 . . . uk+r−1u contains e and subpath
uk+2 . . . uk+q−1uvuk+q+2 . . . uk+r−1u = uk+2 . . . uk+q−1euk+q+2 . . . uk+r−1u
contains exactly one vertex v. We obtain P1(G) from Cr(G) by identifying arc e in Cr(G), then by identifying the shortest
predecessor subpath v . . . e = v . . . uv and shortest successor subpath e . . . u = uv . . . u (which are elementary directed
cycles), and by removing these two elementary cycles v . . . e and e . . . u from Cr(G). This implies that Cr(G) uniquely
identifies P1(G) = u . . . v, and consequently uniquely identifies original closed walk C(H) = P1(H)u.
We note that d+Cr (G)(u) ≥ 2. This means that G contains at least as many closed walks containing arc e as the number of
closed walks in H with reversed e, which satisfy d+Cr (G)(u) ≥ 2. At the same time we can construct a closed walk Cs(G) of the
form Cs(G) = u1u2 . . . us, where u = u1 = us, u2 = v, and d+Cs(G)(u) = 1. So, Cs(G) contains e and Cs(G) ≠ Cr(G), which
completes the proof. 
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